Abstract. The index of a Riemannian symmetric space is the minimal codimension of a proper totally geodesic submanifold (Onishchik [18]). There is a conjecture by the first two authors ([2]) for how to calculate the index. In this paper we give an affirmative answer to this conjecture for the exceptional Riemannian symmetric spaces and for the classical symmetric spaces Sp r (R)/U r . Our methodology is new and based on the idea of using slice representations for studying totally geodesic submanifolds.
Introduction
Let M be a connected Riemannian manifold and denote by S the set of all connected totally geodesic submanifolds Σ of M with dim(Σ) < dim(M). The index i(M) of M is defined by i(M) = min{dim(M) − dim(Σ) : Σ ∈ S} = min{codim(Σ) : Σ ∈ S}.
This terminology was introduced by Onishchik in [18] .
Riemannian symmetric spaces are among the most distinguished manifolds in Riemannian geometry. These spaces have been studied by numerous mathematicians and many fascinating properties and applications have been discovered. Despite them being so widely studied, it is a remarkable fact that their totally geodesic submanifolds are not yet known in general. Wolf ([20] ) classified them in symmetric spaces of rank 1 and Klein ([10] , [11] , [12] , [13] ) in symmetric spaces of rank 2.
In previous work ( [2] , [3] , [4] ) we developed a systematic approach to the index of Riemannian symmetric spaces. Totally geodesic submanifolds are in one-to-one correspondence to algebraic objects called Lie triple systems. If M = G/K is a Riemannian symmetric space and g = k ⊕ p is a corresponding Cartan decomposition, then a Lie triple system is a linear subspace V of p such that [ [V, V] , V] ⊆ V. A distinguished class of Lie triple systems is formed by those Lie triple systems V for which the orthogonal complement V ⊥ of V in p is also a Lie triple system. Such Lie triple systems are called reflective. Algebraically they correspond to certain involutive automorphisms of g, geometrically they correspond to totally geodesic submanifolds Σ for which the geodesic reflection of M in Σ is a well-defined global isometry. These so-called reflective submanifolds have been classified by Leung ([15] , [16] ) in irreducible Riemannian symmetric spaces. Denote by S r the set of all connected reflective submanifolds Σ of M with dim(Σ) < dim(M). The reflective index i r (M) of M is defined by i r (M) = min{dim(M) − dim(Σ) : Σ ∈ S r } = min{codim(Σ) : Σ ∈ S r }.
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It is clear that i(M) ≤ i r (M) and thus i r (M) is an upper bound for i(M). Moreover, from
Leung's work we can calculate i r (M) explicitly for each irreducible Riemannian symmetric space. This was done explicitly in [2] , where we formulated the following conjecture:
Conjecture. For an irreducible Riemannian symmetric space we have i(M) = i r (M) if and only if M = G 2 2 /SO 4 and M = G 2 /SO 4 . In our previous work we verified this conjecture for a number of Riemannian symmetric spaces. In [3] we verified the conjecture for all exceptional Riemannian symmetric spaces of types II and IV, that is, for the five exceptional compact Lie groups G 2 , F 4 , E 6 , E 7 , E 8 and their non-compact dual symmetric spaces. The purpose of this paper is to give an affirmative answer to this conjecture for the remaining exceptional Riemannian symmetric spaces, which are of type I (compact) or type III (non-compact). Our main result states: Duality between symmetric spaces of compact type and of non-compact type preserves totally geodesic submanifolds. We can therefore restrict to symmetric spaces of noncompact type. In Table 1 we list the exceptional Riemannian symmetric spaces of type III together with their index and a totally geodesic submanifold Σ with codim(Σ) = i(M). The same methodology that we develop in this paper can be used to determine the index of another series of classical symmetric spaces: Theorem 1.2. For M = Sp r (R)/U r , r ≥ 3, we have i(M) = i r (M) = 2(r − 1) and Σ = RH 2 × Sp r−1 (R)/U r−1 is a reflective submanifold of M with codim(Σ) = i(M).
This was proved in [2] for r ∈ {3, 4, 5}, but is new for r > 5. Taking into account the results from [2] , [3] and [4] , the conjecture remains open for three series of classical symmetric spaces:
(i) M = SO
(ii) M = SU * 2k+2 /Sp k+1 for k ≥ 3. Conjecture: i(M) = 4k. (iii) M = Sp k,k+l /Sp k Sp k+l for l ≥ 0 and k ≥ max{3, l + 2}. Conjecture: i(M) = 4k. Our methodology is new and based on the idea of using slice representations for studying totally geodesic submanifolds. In Section 2 we develop basic sufficient criteria for deciding whether a totally geodesic submanifold is reflective. One of these criteria states that a semisimple totally geodesic submanifold of a symmetric space of rank ≥ 2 is reflective when the kernel of the full slice representation is non-trivial. It is intuitively clear that fixed vectors of the slice representation must play a crucial rule in the theory.
We make this precise in Theorem 3.1: a totally geodesic submanifold Σ is maximal and the slice representation has a non-zero fixed vector if and only if Σ is reflective and the complimentary reflective submanifold is semisimple. This relates to the theory of symmetric R-spaces (symmetric real flag manifolds). In Section 3 we give some applications of Theorem 3.1 and in Section 4 we present its proof. In Section 5 we first derive a very useful lower bound for the codimension of a totally geodesic submanifold. Another important ingredient for our theory is Proposition 5.6, which states that a reducible totally geodesic submanifold containing a real hyperbolic space or a complex hyperbolic space as a de Rham factor must either be a product of two real hyperbolic spaces or there exists a reflective submanifold of dimension greater than or equal to the dimension of Σ. This theoretical result will allow us to dismiss many possibilities in our investigations. We eventually apply all these theoretical results to calculate the index of the exceptional symmetric spaces and of Sp r (R)/U r .
Preliminaries and basic results
Let M = G/K be a connected, locally irreducible, Riemannian symmetric space of compact type, where G = I o (M) is the identity component of the isometry group I(M) of M. We denote by e the identity of G and by o = eK ∈ M the base point in M. Let g = k ⊕ p be the corresponding Cartan decomposition of the Lie algebra g of G. Here, k is the Lie algebra of K and p is the orthogonal complement of k in g with respect to the Cartan-Killing form of g. We denote by ·, · the Riemannian metric on M, by ∇ the Riemannian connection on M, and by R the Riemannian curvature tensor of M. By r = rk(M) we denote the rank of M, which by definition is the maximal dimension of a flat totally geodesic submanifold in M. Each X ∈ g determines a Killing vector field
Exp(tX)(p) for all p ∈ M, where Exp : g → G is the Lie exponential map. Then X ∈ k if and only if X *
For p ∈ M we denote by σ p ∈ I(M) the geodesic symmetry of M at p. 
Let γ v be a non-trivial closed geodesic in M with γ v (0) = o. We may assume, by rescaling v, that γ v has (minimal) period 1. Then φ
• σ o may be trivial, as is the case when M is a sphere, where γ v (1/2) is the antipodal point of o and σ γv (1/2) = σ o . For constructing a non-trivial isometry φ v 1 on M, we have to pass to a suitable globally symmetric quotient of M and then lift back to M, provided that M is simply connected.
Assume that M is simply connected and irreducible. We define an equivalence relation on M by p ∼ q if and only if G p = G q , where G p and G q are the isotropy groups of G at p and q, respectively. Note that the isotropy groups are connected since M is simply connected and G = I o (M) is connected. Denote byM the quotient space relative to this equivalence relation and by π : M →M the canonical projection. Since M is irreducible, the isotropy action of G p on T p M is irreducible and therefore has no fixed non-zero vectors. Hence the action of G p on M has no fixed points apart from p on a sufficiently small open neighborhood of p in M. It follows that each fibre of the projection π is a discrete subset of M. For all isometries g ∈ I(M) we have G g(p) = gG p g −1 and therefore every isometry g ∈ I(M) maps equivalence classes to equivalence classes. Thus every g ∈ I(M) descends to an isometry ofM , where we equipM with the induced Riemannian structure from M via π. We thus can writeM = G/G π(o) , where G acts almost effectively onM . This also shows that every geodesic symmetry of M descends to a geodesic symmetry ofM . Thus M is a connected Riemannian symmetric space of compact type. The isotropy group G π(o) is not necessarily connected, but its Lie algebra is equal to k. Note that π : M →M induces a bijection from the Lie algebra of Killing vector fields on M onto the Lie algebra of Killing vector fields onM .
We denote by k p ⊂ g the Lie algebra of the isotropy group G p of G at p ∈ M and by k π(p) ⊂ g the Lie algebra of the isotropy group
Since the isotropy groups G p and G q are connected, this implies G p = G q and hence p ∼ q and π(p) = π(q). In other words, different points inM have different isotropy algebras.
Lemma 2.1. Letp,q ∈M and denote byσp,σq their geodesic symmetries inM. Then σp =σq if and only ifp =q.
Proof. Letsp : G → G be the involutive automorphism of G induced byσp, that is, sp(g) =σpgσp for all g ∈ G. The differential d esp is an involutive automorphism of g and kp is the +1-eigenspace of d esp . Assume thatσp =σq. Thensp =sq and therefore kp = kq, which impliesp =q since two different points inM have different isotropy algebras. Lemma 2.1 tells us thatσp =σq ifp =q. This means that any geodesic symmetry onM cannot have another isolated fixed point apart from the obvious one. In other words, there are no poles onM. The symmetric spaceM is also known in the literature as the adjoint space ( [7] , p. 327) or bottom space ( [17] , Section 4.2) of M. Note that there are simply connected irreducible Riemannian symmetric spaces without poles, that is, M =M .
Using Lemma 2.1 we immediately obtain:
Corollary 2.2. Letp ∈M andv ∈ TpM so that γv is a closed geodesic inM with (minimal) period 1. Thenq = γv(1/2) is an antipodal point ofp inM and gv =σq •σp is a non-trivial involutive isometry ofM with gv(p) =p. Moreover, ℓv = dpgv coincides with the parallel transport inM along the geodesic loop γv
Sinceq is an antipodal point ofp inM, we haveσq •σp =σp •σq,σq(p) =p =σp(p) andσp(q) =q =σq(q). Remark 2.3. In the notation of Corollary 2.2, letF be a maximal flat ofM withp ∈F andv ∈ TpF . Such a flat is unique ifv is a principal vector for the isotropy action of (Gp) o . SinceF is a torus, it is globally flat. Then, sinceF is totally geodesic inM , the restriction ℓv| TpF : TpF → TpF is the identity map.
The quotient spaceM is only auxiliary and we will lift the isometry gv ∈ I(M ) to an isometry g v ∈ I(M). Let p ∈ M with G p = K (that is, p ∼ o). Putp = π(p) ∈M and choose v ∈ T p M so that γv is a closed geodesic inM with (minimal) period 1, wherē
By the global Cartan Lemma and since M is simply connected, there exists a non-trivial involutive isometry
Note that the linear isometry ℓ v also induces an isometry of the dual symmetric space of M, since the curvature tensor of the dual is just −R.
Note that any flatF ofM can be written asF = π(F ) with some flat F of M.
Proposition 2.4. Let M = G/K be a simply connected, irreducible, Riemannian symmetric space with
Then there exists a non-trivial isometry g of M with the following properties: Proof. It suffices to prove the proposition for the case that M is of compact type. We have Z p (w) = a∈A w a, where A w is the set of maximal abelian subspaces a of p with w ∈ a. The intersection a 0 = a∈A w a is the abelian part of Z p (w). Moreover, as it is standard to prove, there exists a compact flat F of M with o ∈ F and T o F = a 0 . Now write K · w = K/K w , where K w is the isotropy group of K at w, and let K 
, is closed inF . Since the initial directions of closed geodesics inF starting atō = π(o) form a dense set in TōF ∼ = T o F = a 0 , we can choose v arbitrarily close to w. The orbits K · w and K · v are parallel orbits if v is sufficiently close to w (see [1] , Corollary 2.3.7). For such v this then implies
We normalize v so that γv is a closed geodesic inM with (minimal) period 1 and construct the isometries gv ∈ I(M) and g v ∈ I(M) as above. Using Remark 2.3, and using the fact that Z p (v) = Z p (v) is the union of all abelian subspaces of p ∼ = TōM containingv, we obtain that dōgv fixes Z p (v) = Z p (v) pointwise and, in particular, dōgv(v) =v. Then g = g v ∈ I(M) satisfies the properties (i)-(iv) (for (iii) use that gKg −1 = K, since K is the identity component of the full isotropy group of M).
The "only if" part of (v) is just the definition of an extrinsically symmetric space. It remains to prove that, if S = K · w is an extrinsically symmetric space, then d o g coincides with the extrinsic symmetry (and so it has no fixed vector tangent to the orbit K · w). So let us assume that S is extrinsically symmetric. It is well known that in this case the orbit K · w must be most singular, that is, nearby orbits in the sphere have greater dimension than K · w, or equivalently, dim(a 0 ) = 1 and so v is a scalar multiple of w, hence we may assume that v = w (note that this also follows from Theorem 4.2 in [2] ). Let
Note thatK contains the transvections ρ p • ρ q , where ρ p , ρ q are the extrinsic symmetries at p, q ∈ K · v. ThenK ⊇ K andK is not transitive on the sphere of 
for all u ∈ V and z ∈ V ⊥ , and hence α(V, V ⊥ ) = 0. This implies α(D, D ⊥ ) = 0. If D is non-trivial, Moore's Lemma tells us that S splits extrinsically (see [1] , Lemma 1.7.1). In this case K does not act irreducibly, which is a contradiction. We conclude that d o g coincides with the extrinsic symmetry ρ v of S.
Remark 2.5. The above construction of the symmetry for extrinsically symmetric spaces is due to Nagano in the context of fibrations of symmetric spaces (see [17] and its bibliography; see also Section 7 in [6] ). However, in Nagano's construction the closed geodesic must be minimizing until it reaches its antipodal point. In the proof of Proposition 2.4, the closed geodesic does not generally have this property. Let M = G/K be a simply connected irreducible symmetric space. If S = K · v is a most singular isotropy orbit, which is not extrinsically symmetric, then exp o (tv) is a closed geodesic that is not minimizing until it reaches its antipodal point. Namely, if α 1 , . . . , α r is a basis of simple roots, then K · v = K · H i for some i, where H 1 , . . . , H r is the dual basis. From Kobayashi and Nagano [14] , S is extrinsically symmetric if and only if δ i = 1, where δ = δ 1 α 1 + . . . + δ r α r is the highest root. From [7] , Chapter VII-3, the closed geodesic γ H i is not minimizing beyond Proof. Let g be as in Proposition 2.4. Since g is of order 2, the set of fixed vectors of d o g is a reflective Lie triple system containing Z p (w).
We finish this section by proving that if a connected, complete, totally geodesic submanifold Σ of a symmetric space M contains a reflective submanifold of M, then Σ must be reflective as well. For this aim we first generalize Proposition 3.4 of [2] to include the case that the kernel of the slice representation is finite.
Let Σ = G Σ /K Σ be a semisimple totally geodesic submanifold of a (simply connected) symmetric space M = G/K with o ∈ Σ, where
is the full isometry group of M (whose identity component coincides with G). The group G Σ is, in general, neither connected nor effective on Σ. Note that G Σ contains the glide transformations of Σ, that is, the closed subgroup of
⊥ is the normal space of Σ at o.
is canonically equivalent to the isotropy representation ofĜ/K atô on TôM ∼ = ip. If V ⊂ p is a Lie triple system in p, then iV ⊂ ip is a Lie triple system in ip, and vice versa. Thus we have a natural bijection between the Lie triple systems on p and ip, and therefore between connected, complete, totally geodesic submanifolds in M andM .
Let Σ be a (connected, complete) totally geodesic submanifold of M with o ∈ Σ and letΣ be the (connected, complete) totally geodesic submanifold ofM with Proof. The proof is similar to the one of Proposition 3.4 in [2] . By Remark 2.7 we may assume that M is of non-compact type and that Σ is complete (and therefore diffeomorphic to
′ of glide transformations of Σ. Thus V extends to a G ′ -invariant, and hence parallel, distribution on Σ. It follows that Σ is the Riemannian product Σ = Σ 1 × Σ 2 of two totally geodesic submanifolds Σ 1 and Σ 2 with
Consequently V is a subset of the set W of fixed vectors of the action of K ′′ on T o Σ 3 , where Σ 3 is the totally geodesic submanifold of M associated with the Lie triple system V ⊕ ν o Σ. By Lemma 3.2 (ii) in [2] , the subspace W is the tangent space of a totally geodesic flat submanifold Σ 0 ⊆ Σ 3 . Since T p Σ 1 = V ⊆ W, we conclude that Σ 1 is flat, which is a contradiction since Σ is semisimple unless V = {0}. It follows that Σ = Σ 2 is reflective.
Corollary 2.9. Let M = G/K be an irreducible simply connected Riemannian symmetric space with rk(M) ≥ 2. Let Σ 1 , Σ 2 be connected, complete, totally geodesic submanifolds of M with
Proof. We can assume that M is of non-compact type and o ∈ Σ 1 .
If Σ 1 is non-semisimple, it follows from Proposition 4.2 in [4] that T o Σ 1 is the normal space of a symmetric isotropy orbit of K. Then, by Theorem 1.2 of [2] , Σ 1 is maximal and hence Σ 2 = Σ 1 is reflective.
If Σ 1 is semisimple, we consider two cases: Case 1: Σ 2 is semisimple. Let τ be the geodesic reflection of M in the reflective submanifolds Σ 1 and σ be the geodesic symmetry of M in o. Then h = σ • τ is involutive and the eigenspaces of d o h are T o Σ 1 (associated with the eigenvalue −1) and ν o Σ 1 (associated with the eigenvalue 1). We decompose
Moreover, the non-trivial isometry h belongs to the kernel of the full slice representation of Σ 2 at o. It follows from Proposition 2.8 that Σ 2 is reflective.
Case 2: Σ 2 is not semisimple. Write Σ 2 = Σ 0 × Σ s (Riemannian product), where Σ 0 is the Euclidean factor of Σ 2 and Σ s is the semisimple factor of Σ 2 . Obviously, we have Σ 1 ⊆ Σ s . From Case 1 we conclude that Σ s is reflective. However, the semisimple part of a non-semisimple totally geodesic submanifold is never reflective, due to Corollary 3.3 in [2] . So Case 2 cannot occur.
Fixed vectors of the slice representation
Let M = G/K be an irreducible, simply connected, Riemannian symmetric space with rk(M) ≥ 2, where
The corresponding Cartan decomposition at o is g = k ⊕ p and the tangent space T o M is identified with p in the usual way.
Let Σ be a complete totally geodesic submanifold of M with o ∈ Σ and put
′ ⊆ G be the subgroup of G consisting of the glide transformations of Σ and let
is an almost effective symmetric pair. Note that normal vectors of Σ that are fixed by the slice representation correspond to Ginvariant normal vector fields that are parallel along Σ.
We now state one of our main results; the proof will be given in the next section.
′ is the subgroup of G consisting of the glide transformations of Σ and
Then the following statements are equivalent:
(i) Σ is maximal and there exists a non-zero vector in ν o Σ that is fixed by the slice representation ρ. (ii) Σ is reflective and the complementary reflective submanifold is non-semisimple. (iii) T o Σ coincides, as a linear subspace, with the tangent space T v (K ·v) of a symmetric isotropy orbit.
Note that the assumption in (i) for Σ to be maximal is necessary. Consider for example the symmetric space Sp r /U r and its maximal totally geodesic submanifold
If we now consider Σ = Sp r−1 /U r−1 , then the slice representation of U r−1 fixes any vector in T o RH 2 . It follows from the classification of symmetric R-spaces (see [14] ) that a non-semisimple extrinsically symmetric isotropy orbit (briefly, symmetric isotropy orbit) K · v ⊂ T o M has always half the dimension of T o M and that the Euclidean local factor of K · v is 1-dimensional. Moreover, T v (K · v) and ν v (K · v) are K-equivalent Lie triple systems. In the next proposition we give a conceptual proof of these observations. Proposition 3.2. Let M = G/K be an irreducible, simply connected, Riemannian symmetric space with rk(M) ≥ 2 and let K · v be a non-semisimple symmetric isotropy orbit, where
Proof. For dual symmetric spaces the isotropy representations coincide. Hence we may assume that M is of non-compact type. From Lemma 4.1 in [4] we know that T v (K ·v) and ν v (K · v) are complementary Lie triple systems in T o M and the abelian part of ν v (K · v) coincides with Rv. Let Σ be the connected, complete, totally geodesic submanifold of
is a symmetric pair, and hence K ′ fixes w as well. This means that w is a fixed vector of the image of the slice representation of K ′ on the normal space [2] we see that the abelian part of T v (K · v) contains Rw. Thus the Lie triple system T v (K · v) in non-semisimple and so, by Proposition 4.2 in [4] ,
and Rw is the abelian part of T v (K · v). Since w is an arbitrary non-zero vector tangent to the local Euclidean factor of K · v at v, we conclude that the local Euclidean factor of
is Rv, the abelian part of this Lie triple system. The set of fixed vectors of (
is Rw, the tangent space to the local Euclidean factor of this symmetric isotropy orbit. Altogether we see that V = Rv ⊕ Rw is the set of fixed vectors of (
It follows that V is the tangent space at o of a totally geodesic real hyperbolic plane RH 2 in M. LetK ∼ = SO 2 be the connected subgroup of K with Lie algebrak = [V, V] ∼ = so 2 . We can assume that v = w . SinceK acts transitively on the spheres in T o RH 2 , there exists k ∈K with d o k(v) = w. Using (3.1), this implies
which finishes the proof.
are complementary Lie triple systems and the abelian part of ν v (K · v) coincides with Rv. We denote by Σ and Σ ⊥ the connected, complete, totally geodesic submanifolds of M with
where G ′ is the subgroup of G consisting of the glide transformations of Σ and 
Therefore H acts trivially on the isotropy orbit K · v in T o M and also in its affine span, say v + V. Since K acts linearly on T o M, we have K · V ⊆ V, and therefore V = T o M since K acts irreducibly on T o M. So H must be trivial, which is a contradiction, and we conclude that (
From Proposition 3.2 and Lemma 3.3 we obtain:
Corollary 3.4. Let M = G/K be an irreducible, simply connected, Riemannian symmetric space and K · v be a symmetric isotropy orbit. Then the following statements are equivalent:
Proof. (i) implies (iii) by Proposition 3.2.
Since K · v is a symmetric isotropy orbit, the normal space
is also a non-semisimple Lie triple system. Thus (ii) holds.
Finally, assume that (ii) holds. The tangent space T v (K · v) and the normal space 
Proof. We can assume that M is of non-compact type. Let Σ = G ′ /K ′ be the connected, complete, totally geodesic submanifold of M with
is the subgroup of G consisting of the glide transformations of Σ ⊥ . Now consider the slice representation ρ :
) and the isotropy representation χ :
Since M is of non-compact type, Σ is simply connected and therefore K ′ is connected. From Lemma 3.3 we then have
The image under the isotropy representation of (
coincides with that of K ′′ , and therefore ρ(K ′ ) = χ(K ′′ ). Assume thatΣ is a proper totally geodesic submanifold of M that properly contains Σ. Then we can write 
Proof. From the assumption we obtain that ν o Σ is a reflective Lie triple system, which implies that Σ is a reflective submanifold. Assume that M has non-constant curvature. Using duality, we can assume that M is a hyperbolic space over C, H or O.
If M is a complex hyperbolic space
. . , n − 1}. In the first case the slice representation of the isotropy group is equivalent to the standard representation of SO n on R n , in the second case it is equivalent to the representation of S(U 1 U k ) ∼ = U k on C n−k , where U 1 acts canonically and U k acts trivially.
If M is a quaternionic hyperbolic space HH n = Sp 1,n /Sp 1 Sp n , then Σ is a complex hyperbolic space CH n = SU 1,n /S(U 1 U n ) or a quaternionic hyperbolic space HH k = Sp 1,k /Sp 1 Sp k for some k ∈ {0, . . . , n − 1}. In the first case the slice representation of the isotropy group is equivalent to the standard representation of S(U 1 U n ) ∼ = U n on C n , in the second case it is equivalent to the representation of None of these slice representations is trivial and it follows that M has constant curvature.
From the Slice Lemma 3.1 in [2] and Lemma 3.6 we obtain the following interesting result that generalizes Iwahori's result in [9] . 
coincides with the affine subspace of T o Σ generated by the orbit K ′ ·v. This affine subspace must contain 0 ∈ T o Σ, because otherwise, the vector 0 = u ∈ v +span{k ′ v −v : k ′ ∈ K ′ } of minimal distance to 0 would be fixed by K ′ , which is a contradiction since Σ is semisimple and so K ′ has no fixed non-zero vectors. 
Extrinsic isometries of maximal totally geodesic submanifolds
Let Σ = G ′ /K ′ be a connected, complete, totally geodesic submanifold of M with o ∈ Σ, where G ′ ⊂ G is the group of glide transformations of Σ and
is in general neither connected nor effective on Σ. We always have σ o ∈ G Σ , where σ o is the geodesic symmetry of M at o. Note that G ′ is a normal subgroup of G Σ and that K ′ is a normal subgroup of
Without loss of generality we may assume that M is of non-compact type. Then Σ is simply connected and hence K ′ must be connected.
Remark 4.1. Let X ∈ g and X * be the corresponding Killing vector field on M = G/K (see Section 2). For p ∈ Σ we denote by X Σ p the orthogonal projection of X * p onto T p Σ. Then X Σ is a Killing vector field on Σ. It is well known, and standard to show, that there exists
The key fact of the argument is to show that a Killing vector field induced by G projects constantly along any flat totally geodesic submanifold.
Lemma 4.2. If Σ is maximal and dim(k
, then Σ is a reflective submanifold of M.
By adding −Z, we may assume that X Σ = 0 = X * |Σ , where the last equality holds because X ∈ k ′ and so the restriction of X * to Σ is always tangent to Σ.
Then Exp(tX) is a non-trival one-parameter group of isometries of M acting trivially on Σ (in particular, fixes o and leaves Σ invariant) and φ t = d o Exp(tX) is a one-parameter group of linear isometries of T o M with φ t |ToΣ = id ToΣ for all t ∈ R. Since Σ is a maximal totally geodesic submanifold of M, we have T o Σ = {u ∈ T o M : φ t (u) = u for all t ∈ R}. It follows that the dimension of ν o Σ is even, say equal to 2d for some 0 < d ∈ Z. We can find an orthonormal basis e 1 , f 1 , . . . , e d , f d of ν o Σ and a 1 ≥ a 2 ≥ · · · ≥ a d > 0 such that φ t (e i ) = cos(2πa i t)e i + sin(2πa i t)f i and φ t (f i ) = − sin(2πa i t)e i + cos(2πa i t)f i for all i ∈ {1, . . . , d}.
Assume that a 1 > a d and put We will now proceed with the proof of Theorem 3.1. The equivalence of (ii) and (iii) is an immediate consequence of Proposition 4.2 in [4] . If (iii) holds, then Σ is maximal by Proposition 3.5. Moreover, from Proposition 4.2 in [4] , the abelian part of the Lie triple system ν v (K · v) = Z p (v) is 1-dimensional and so it must coincide with Rv. Then
This proves (i). Note that all these implications do not use the assumption that dim(Σ) ≥ 1 2 dim(M). It remains to prove that (i) implies (ii). We only need to show that Σ is reflective. In fact, if ρ((K ′ ) o ) fixes v, then the complementary reflective submanifold is non-semisimple according to Lemma 3.2(ii) in [2] . The proof that Σ is reflective if (i) is satisfied will be done in several steps.
Case 1: Σ is non-semisimple.
Since Σ is maximal, it follows from Theorem 1.2 in [2] that T o Σ is the normal space of a symmetric isotropy orbit. Then, by Lemma 4.1 of [4] , Σ is reflective. Moreover, from Lemma 3.2(ii) in [2] we see that ν o Σ is non-semisimple and so, by Corollary 3.4,
Case 2: Σ is simple.
By duality, we can assume that M is of compact type. We will use again the Riemannian symmetric spaceM = G/G π(o) = M/∼ that we encountered in Section 2, where p ∼ q if G p = G q and π : M →M is the canonical projection. We putō = π(o) and identify T o M with TōM by means of the isomorphism d o π : T o M → TōM . Then we have (Gō) o = K. In this way, the identity component of the isotropy group atō of the glide transformations ofΣ = π(Σ) is canonically identified with the identity component of K ′ . Note thatΣ is a maximal simple totally geodesic submanifold ofM since Σ is a maximal simple totally geodesic submanifold of M.
We define V = {ξ ∈ TōM : ξ is fixed by K ′ }. From our assumption (i) we have V = {0}. LetΣ ′ be the connected, complete, compact, totally geodesic submanifold of M with TōΣ ′ = V. SinceΣ is simple, (K ′ ) o acts irreducibly on TōΣ, which implies that V is perpendicular to TōΣ.
SinceΣ
′ is a compact Riemannian symmetric space, there exists a non-trivial closed geodesic γv(t) of (minimal) period 1 for somev ∈ V. Let gv ∈ I(M) be as in Let E ±1 ⊂ TōM be the eigenspaces corresponding to the eigenvalues ±1 of dōgv. Note that E 1 (resp. E −1 ) is the set of fixed vectors of dōgv (resp. of dō(σō • gv)). Since gv commutes with (K ′ ) o , both eigenspaces are (K ′ ) o -invariant. Let Σ ±1 be the connected, complete, totally geodesic submanifold ofM with TōE ±1 = E ±1 . By construction Σ 1 and Σ −1 are reflective submanifolds ofM with TōΣ ±1 = νōΣ ∓1 . We have TōM = E 1 ⊕ E −1 and TōΣ
o acts irreducibly on TōΣ we have eitherĒ 1 = {0} orĒ −1 = {0}. Assume thatĒ −1 = {0}. ThenĒ 1 = TōΣ is a proper subset of E 1 , sincev ∈ E 1 andv is perpendicular to TōΣ. ThusΣ is a proper totally geodesic submanifold of Σ 1 , which contradicts the maximality ofΣ. It follows that E 1 = {0} and thus TōΣ =Ē −1 . SinceΣ is maximal, we getΣ = Σ −1 . This shows thatΣ, and hence also Σ, are reflective submanifolds. 
We put V i = T o Σ i . By assumption, there exists 0 = v ∈ ν o Σ which is fixed under the slice representation of K ′ . Let R be the Riemannian curvature tensor of M at o.
Proof. We prove this by contradiction. Assume that there exists 0 = u ∈ T o Σ with
and thus R u,v v = 0. Since M is a Riemannian symmetric space, this implies R u,v = 0 and hence
There exists a non-empty subset J of {1, . . . , a} so that the K ′ -invariant subspace W can be written as To finish the proof of Theorem 3.1, we need to show that Σ is reflective. We will prove this by contradiction. Thus, assume that Σ is not reflective. Let 0 = x ∈ V 1 and define 
for sufficiently small t. On the one hand, if the intersectionV t 1 ∩ T o Σ is non-trivial, it is the tangent space of a product of factors of Σ, which implies
In fact, we have equality here since Σ is maximal.
On the other hand, sinceV
is the tangent space of a product of factors ofΣ t 1 (recall thatK 1 is the isotropy group at o of the glide transformations of Σ t 1 for all t). SinceΣ
The totally geodesic submanifoldΣ
acts irreducibly on h t x (V i ) and trivially on h t x (V j ) for i, j ∈ {2, . . . , a}, i = j. From this and the fact that π isK 1 -equivariant it is not hard to see that we have the orthogonal decomposition π(T oΣ
) and thatK 1 acts irreducibly on π(h t x (V i )) and trivially on π(h t x (V j )) for i, j ∈ {2, · · · , a}, i = j. Moreover, the irreducible representation ofK
Since v = 0 is fixed byK 1 , the subspace π(T oΣ t 1 ) is perpendicular to Rv. Let W ⊂ ν o Σ be the linear span of allK 1 -invariant subspaces of ν o Σ on which the representation of K 1 is equivalent to the representation ofK 1 on V i for some i ∈ {2, . . . , a}. Then W is perpendicular to Rv and contains the subspace π(T oΣ
we obtain that dim(W) ≥ dim(Σ) and so the codimension of Σ is at least dim(Σ) + 1, which is a contradiction. Hence we have W = π(T oΣ
the centralizer, and so in the normalizer ofK
It is well-known that the dimension of the centre of the isotropy group of an irreducible Riemannian symmetric space is either 0 or 1 (and in the latter case the space is Hermitian symmetric). If the irreducible Riemannian symmetric space Σ 1 is not a real hyperbolic plane RH 2 , then K 1 is not abelian and K 1 does not act effectively on W. Interchanging Σ 1 withΣ 1 , one can show with similar arguments that there exists a K 1 -invariant subspacẽ V 1 of ν o Σ on which the representation of K 1 is equivalent to the one of
, which is a contradiction. We conclude that Σ 1 is a real hyperbolic plane RH 2 and therefore dim(
Then there existsk ∈K 1 such that kk −1 acts trivially on W and hence on ν o Σ. Note that, sincê k acts trivially on Σ 1 , kk −1 is a non-trivial element in G Σ and lies in the kernel of the slice representation (recall that the image of an s-representation coincides with its own connected normalizer in the full orthogonal group, see e.g. Lemma 5.2.2 in [1] ). Then, by Proposition 2.8, Σ is reflective, which contradicts our assumption that Σ is non-reflective. This finishes the proof of Theorem 3.1.
The index of exceptional Riemannian symmetric spaces
Let M = G/K be an n-dimensional irreducible Riemannian symmetric space of noncompact type and denote by r the rank of M. Let Σ = G ′ /K ′ be a connected totally geodesic submanifold of M with codimension d ≥ 1 and denote by r Σ the rank of Σ. We can assume that o ∈ Σ and G ′ ⊆ G is the group of glide transformations of Σ. Then we have dim(
is the principal isotropy group of K ′ (that is, the isotropy group of K ′ at a point in a principal orbit of the K ′ -action on Σ). Altogether this implies
Let M * = G * /K and Σ * = G ′ * /K ′ be the Riemannian symmetric spaces of compact type that are dual to M = G/K and Σ = G ′ /K ′ respectively. Let i(G * ) denote the index of G * , where the compact Lie group G * is considered as a Riemannian symmetric space of compact type. Using [3] we get the inequality
Using (5.1), we obtain
or equivalently, 2) or equivalently,
Since r − r Σ and dim(K ′ 0 ) are non-negative, the previous equation implies
We introduce some notations. By ℓ Σ we denote the dimension of the principal isotropy algebra k
We will frequently use some data about symmetric spaces, which we summarize in Table  2 .
Inequalities (5.3) and (5.4) give the following estimates for the codimension of Σ:
Proposition 5.1. Let M = G/K be an irreducible Riemannian symmetric space of noncompact type and Σ be a connected totally geodesic submanifold of M with codim(Σ) ≥ 1.
Using the second inequality in Proposition 5.1 we can confirm the conjecture for some symmetric spaces where it was previously unknown. Proof. The index of compact simple Lie groups was calculated in [3] and the reflective index of irreducible Riemannian symmetric spaces M was calculated in [2] . Using these results we obtain:
If M = G/K = E (4r − 4 + r 2 + r − r − r 2 ) = 2r − 2 = i r (M). Table 2 . Dimension, rank and ℓ-number of symmetric spaces Σ 
This finishes the proof of Theorem 1.2. To finish the proof of Theorem 1.1, we need to investigate further the symmetric spaces E 
We now proceed with individual arguments for the four remaining exceptional symmetric spaces. For the remaining three exceptional symmetric spaces we will first prove a theoretical result that will allow us to reduce the number of cases that need to be considered. The following lemma is a slight generalization of a result by Iwahori [9] which states that if an irreducible Riemannian symmetric space admits a totally geodesic hypersurface, then it must be a space of constant curvature. 
where Σ j is a totally geodesic hypersurface of M j and M j is a space of constant curvature for some j ∈ {0, . . . , g}.
Proof. We can assume that all spaces contain the base point o ∈ M. The intersection
is not of constant curvature. We can therefore assume that M j has constant curvature for all j ∈ {1, . . . , g}. Denote by R j the Riemannian curvature tensor of M j , by R the Riemannian curvature tensor of M, and by κ j the constant sectional curvature of M j . Let X ∈ T o Σ ∩ T o M j be a unit vector and
) and hence T o M j ⊆ T o Σ for all but one index j ∈ {0, . . . , g}. For this j we define Σ j to be the totally geodesic hypersurface of M j corresponding to the Lie triple system
This implies the assertion. Proposition 5.6. Let Σ be a reducible maximal totally geodesic submanifold of an irreducible Riemannian symmetric space M of non-compact type. Assume that the de Rham decomposition of Σ contains a real hyperbolic space
Proof. As usual, we write M = G/K with G = I o (M) and K = G o with o ∈ M. We can assume that o ∈ Σ and write Σ = G ′ /K ′ , where G ′ ⊂ G is the group of glide transformations of Σ and K ′ = (G ′ ) o . We denote the de Rham factor specified in the assertion by N. We can assume that o ∈ N and write N = G ′′ /K ′′ , where G ′′ ⊂ G is the group of glide transformations of N and K ′′ = (G ′′ ) o . There exists a 2-dimensional reflective submanifold P of N with o ∈ P such that the geodesic reflection τ in its perpendicular reflective submanifold P ⊥ at o is inner, i.e.
. If Σ is non-semisimple, then Σ is reflective by Corollary 4.4 in [2] and we can choose Σ ′ = Σ. We assume from now on that Σ is semisimple and write Σ = N ×Σ with a semisimple totally geodesic submanifoldΣ of M containing o.
Let T be the closure of the subgroup of K ⊆ SO(T o M) (via the isotropy representation) that is generated by τ . Note that d o τ is the identity on T o P ⊥ ⊕T oΣ and minus the identity on T o P . In particular, the cardinality of {g| ToΣ : g ∈ T } is equal to 2.
Assume that dim(T ) > 0. Then the kernel T Σ of the Lie group homomorphism T → SO(T o Σ), g → g| ToΣ has positive dimension. Since K ′ acts almost effectively on Σ, we cannot have T Σ ⊆ K ′ . Thus for the corresponding Lie algebras we have t Σ ⊆ k ′ and t Σ ⊆ g Σ . It then follows from Lemma 4.2 that Σ is reflective and we can choose Σ ′ = Σ. From now on we assume that dim(T ) = 0, or equivalently, that τ has finite order. By construction, τ has even order of the form 2 s q with 0 < q ∈ Z odd and 0 < s ∈ Z. We replace τ by τ q . Then τ has order 2 s . If s > 1, τ 2 s−1 is involutive and its set of fixed vectors must coincide with T o Σ since Σ is maximal. This implies that Σ is reflective and we can choose Σ ′ = Σ. Thus we are left with the case that τ is an involution. If the set of fixed vectors of τ in the normal space ν o Σ is trivial, then P ⊥ ×Σ ⊂ Σ is reflective and it follows from Corollary 2.9 that Σ is reflective and we can choose Σ ′ = Σ. So let us assume that the subspace V of fixed vectors of τ in ν o Σ satisfies dim(V) > 0. Since τ is involutive, the totally geodesic submanifold
Thus it remains to analyze the case dim(V) = 1. ThenΣ = P ⊥ ×Σ is a totally geodesic hypersurface of Σ ′ . Recall that P ⊥ is irreducible unless N = SL 3 (R)/SO(3), where P ⊥ = RH 2 × R. LetΣ =Σ 0 × . . . ×Σ g be the de Rham decomposition ofΣ, wherê Σ 0 is the (possibly 0-dimensional) Euclidean factor. We can arrange the indices so that Σ g = P ⊥ unless N = SL 3 (R)/SO(3), in which caseΣ g = RH 2 and the 1-dimensional Euclidean factor in P ⊥ = RH 2 × R coincides withΣ 0 . Then, by Lemma 5.5, we have
. . ×Σ g , whereΣ j is a totally geodesic hypersurface of Σ ′ j and Σ ′ j is a space of constant curvature for some j ∈ {0, . . . , g}. Assume that g ≥ 3. Then there exists i ∈ {1, . . . , g − 1} with i = j. The subspace
′ is not contained in T o Σ and therefore T o Σ is a proper subset of Z, which contradicts the maximality of Σ. Consequently, we have g ∈ {1, 2}. If g = 1, thenΣ is trivial, which contradicts the assumption that Σ = N ×Σ is reducible. Consequently, we have g = 2 and thereforeΣ =Σ 0 ×Σ 1 ×Σ 2 .
If j ∈ {0, 2}, we consider the subspace Z ToM (T oΣ1 ) ⊕ T oΣ1 of T o M, which again is a Lie triple system in T o M containing both T o Σ and T o Σ ′ . Then the same argument as in the previous paragraph leads to a contradiction. We therefore must have j = 1. Then Σ =Σ 1 = RH k 1 and Σ 
We will use Proposition 5.6 to determine the index of E 
We will also use frequently the fact that
Proof. We already know from [2] Assume that the de Rham decomposition of Σ contains a rank one factor Σ 1 . Since ℓ Σ 1 ≤ 1, we have Σ 1 ∈ {RH 2 , RH 3 , CH 2 }. It then follows from Proposition 5.6 that there exists a reflective submanifold Σ ′ of M with dim(Σ ′ ) ≥ dim(Σ), which is a contradiction. Finally, assume that rk(Σ) = 4 and Σ = Σ 1 × Σ 2 with rk(Σ i ) = 2 and Σ i irreducible. Since dim(Σ) = 41, one of the two factors must have odd dimension. The only odddimensional irreducible symmetric space of noncompact type and rank 2 is SL 3 (R)/SO 3 . Using again Proposition 5.6 we see that there exists a reflective submanifold Σ ′ of M with dim(Σ ′ ) ≥ dim(Σ), which is a contradiction. Consequently Σ cannot exist and it follows that i(M) = 24 = i r (M). Proof. We already know from [2] that i r (M) = 22. From Corollary 5.3 we know that i(M) ≥ 13. Let Σ be a maximal totally geodesic submanifold of M and assume that codim(Σ) ∈ {13, . . . , 21}, that is dim(Σ) ∈ {33, . . . , 41}. From the results in [2] we can assume that Σ is semisimple. Using Corollary 5. The hyperbolic spaces FH k with ℓ FH k ≤ 16 are RH k for k ∈ {2, 3, 4, 5, 6, 7} (then ℓ RH k ∈ {0, 1, 3, 6, 10, 15}), CH k for k ∈ {2, 3, 4, 5} (then ℓ CH k ∈ {1, 4, 9, 16}), and HH k for k ∈ {2, 3} (then ℓ HH k ∈ {6, 13}). Since dim(Σ) ≥ 33 and ℓ Σ ≤ 16, we easily see that Σ cannot have rank 1 or be a Riemannian product of rank 1 symmetric spaces. Assume that rk(Σ) = 2. Since Σ cannot be a Riemannian product of two rank 1 symmetric spaces, Σ is irreducible. The irreducible rank 2 symmetric spaces Σ with dim(Σ) ∈ {33, . . . , 41} are SO o 2,q /SO 2 SO q (q ∈ {17, 18, 19, 20}), SU 2,q /S(U 2 U q ) (q ∈ {9, 10}) and Sp 2,5 /Sp 2 Sp 5 . In all cases we have ℓ Σ > 15 (see Table 2 ) and therefore no such Σ exists.
Assume that rk(Σ) = 3. We already know that Σ cannot be the product of three rank 1 symmetric spaces. Assume that Σ = Σ 1 × Σ 2 , where Σ 1 has rank 1 and Σ 2 has rank 2. Using Proposition 5.6 we see that Σ 1 must be HH 2 or HH 3 . Thus dim(Σ 1 ) ∈ {8, 12} and hence 21 ≤ dim(Σ 2 ) ≤ 33 and ℓ Σ 2 ≤ 10. Using Table 2 we see that the only possibility is Σ 2 = Sp 2,3 /Sp 2 Sp 3 , which satisfies dim(Σ 2 ) = 24 and ℓ Σ 2 = 9. However, since dim(Σ) ≥ 33, we must have Σ 1 = HH 3 , which gives ℓ Σ = ℓ Σ 1 + ℓ Σ 2 = 13 + 9 = 22, which is a contradiction. We conclude that Σ cannot be the Riemannian product of a rank 1 symmetric space and a rank 2 symmetric space. Finally, assume that Σ is irreducible. Using Table 2 we obtain that the irreducible rank 3 symmetric spaces Σ with dim(Σ) ∈ {33, . . . , 41} and ℓ Σ ≤ 16 are Σ = SU 3,6 /S(U 3 U 6 ) (then dim(Σ) = 36 and ℓ Σ = 11) and Σ = Sp /E 6 U 1 is of type (C 3 ), the six short roots have multiplicity 8 and the three long roots have multiplicity 1. The restricted root system of Σ = Sp 3,3 /Sp 3 Sp 3 is also of type (C 3 ), but the six short roots have multiplicity 4 and the three long roots have multiplicity 3. Due to the multiplicities of the long roots, it is not possible to realize the second root system as a subsystem of the first one, which implies that Σ = Sp 3,3 /Sp 3 Sp 3 is not possible either. Proof. We already know from [2] that i r (M) = 48. From Corollary 5.3 we know that i(M) ≥ 42. Let Σ be a maximal totally geodesic submanifold of M and assume that codim(Σ) ∈ {42, . . . , 47}, that is, dim(Σ) ∈ {65, . . . , 70}. From the results in [2] we can assume that Σ is semisimple. Using Corollary 5. The hyperbolic spaces FH k with ℓ FH k ≤ 10 are RH k for k ∈ {2, 3, 4, 5, 6} (then ℓ RH k ∈ {0, 1, 3, 6, 10}), CH k for k ∈ {2, 3, 4} (then ℓ CH k ∈ {1, 4, 9}), and HH 2 (then ℓ HH 2 = 6). Since dim(Σ) ≥ 65 and ℓ Σ ≤ 10, we easily see that Σ cannot have rank 1 or be a Riemannian product of rank 1 symmetric spaces.
Assume that rk(Σ) = 2. Since Σ cannot be a Riemannian product of two rank 1 symmetric spaces, Σ is irreducible. The irreducible rank 2 symmetric spaces Σ with dim(Σ) ∈ {65, . . . , 70} are SO o 2,q /SO 2 SO q (q ∈ {33, 34, 35}) and SU 2,17 /S(U 2 U 17 ). In all cases we have ℓ Σ > 8 (see Table 2 ) and therefore no such Σ exists.
Assume that rk(Σ) = 3. We already know that Σ cannot be the product of three rank 1 symmetric spaces. Assume that Σ = Σ 1 × Σ 2 , where Σ 1 has rank 1 and Σ 2 has rank 2. We must have ℓ Σ 1 + ℓ Σ 2 = ℓ Σ ≤ 9. Using Proposition 5.6 we obtain that Σ 1 = HH 2 , which implies dim(Σ 2 ) ∈ {57, . . . , 62} and ℓ Σ 2 ≤ 3. From Table 2 we see that no such Σ exists. Finally, for the case that Σ is irreducible, we see from Table 2 that there exists no such Σ with dim(Σ) ∈ {65, . . . , 70} and ℓ Σ ≤ 9.
Assume that rk(Σ) = 4. We already know that Σ cannot be the product of four rank 1 symmetric spaces. Assume that Σ = Σ 1 × Σ 2 × Σ 3 , where Σ 1 , Σ 2 have rank 1 and Σ 3 has rank 2. We must have ℓ Σ 1 + ℓ Σ 2 + ℓ Σ 3 = ℓ Σ ≤ 10. It follows that at least one of the two rank 1 symmetric spaces is a real or complex hyperbolic space. Proposition 5.6 then implies that this case cannot occur. Assume that Σ = Σ 1 × Σ 2 , where Σ 1 has rank 1 and Σ 2 has rank 3. Using Proposition 5.6 we obtain that Σ 1 = HH 2 , which implies dim(Σ 2 ) ∈ {57, . . . , 62} and ℓ Σ 2 ≤ 4. From Table 2 we see that no such Σ exists. Assume that Σ is irreducible. Then dim(Σ) ∈ {65, . . . , 70}, rk(Σ) = 4 and ℓ Σ ≤ 10, and from Table 2 we see that no such Σ exists. Finally, assume that Σ = Σ 1 × Σ 2 , where Σ 1 and Σ 2 are irreducible and of rank 2. Then one of the two spaces, say Σ 1 , must satisfy dim(Σ 1 ) ≥ 33, rk(Σ 1 ) = 2 and ℓ Σ 1 ≤ 10. From Table 2 we see that no such Σ exists.
This finishes the proof of Theorem 1.1.
